Thin film growth. Pulsed laser deposition (PLD, KrF excimer laser, λ = 248 nm) was employed to grow BTO:CFO films on SrTiO 3 (STO) (001), SrRuO 3 (SRO) buffered STO and Nb:STO.
BTO:CFO VAN films was grown by using a densely pressed and uniformly mixed BTO:CFO ceramic target with a molar ratio of 65:35. During the thin film growth, the substrate temperature was maintained at 725 to 900 °C. Films with different thicknesses (200 nm to 720 nm) were deposited under 50 mTorr oxygen pressure and 10 Hz laser frequency. Laser energy of 2.0 J/cm 2 was used to grow these VAN films. To get uniform laser energy density, a rectangular shaped laser beam, defined by the image beam technique, was used for the film growth. After deposition, the films were in situ annealed at 600 °C and 1 atm oxygen for 1 h before cooling down to room temperature at 5 o C/min.
SHG measurements:
Our SHG measurements were carried out using an amplified Ti:Sapphire laser system, which produces pulses with a center wave length of 780 nm (1.59 eV), a duration of ~100 fs, and a repetition rate of 250 kHz. Using a 1.59 eV probe beam, a SHG signal of 3.18 eV is generated from the BTO:CFO VAN films. The SHG intensity is detected by a photomultiplier tube with lock-in detection after filtering out the 1.59 eV beam. The polarization of the incident light is controlled by a half-wave plate, and the SHG signal in the reflection from the sample with an angle of incidence at 45° is measured for either P-out or S-out polarizations.
For both polarizations, data was collected at different temperatures from 200 to 480 K. At T = 295 K, the SHG intensity was measured at different azimuth angles while rotating the sample along the z axis. In addition, we measured the SHG signal at T = 295 K in a magnetic field of 4 kOe along the z axis. Modeling and phase field simulation: In the nanocomposite with ferromagnetic pillars embedded in the ferroelectric matrix, the connection between polarization P (P 1 , P 2 , P 3 ) and magnetization M (m 1 , m 2 , m 3 ) can be obtained from the minimization of the free energy,
where  is the fraction of the CFO pillars in the nanocomposite, and E and H represent the applied electric field and magnetic field. ( ) and ( ) are the free energy of ferroelectric matrix and ferromagnetic pillars. 1, 2 The last term in Eq. (1) denotes the elastic energy. In the system, the total strain can be obtained by solving the elastic equilibrium
, where the spontaneous strain can be written as, 3
Where Q 11 = 0.11 C -2 m 4 , Q 12 = -0.045 C -2 m 4 and Q 44 = 0.03 C -2 m 4 are electrostrictive coefficients of BTO, and and are saturation magnetostriction of CFO. For simplicity, we used the same elastic elastic constants for BTO and CFO, i.e. C 11 = 17.8 10 10 N/m 2 , C 12 = 9.6 10 10 N/m 2 , and C 44 = 12.2 10 10 N/m 2 . The lattice parameters of BTO and CFO are 4 Å and 8.38 Å, respectively. Due to the out of plane misfit, the CFO pillar is compressed and BTO matrix is elongated along the axis direction in order to reduce the elastic energy, the total elastic energy of the system can be finally written as:
, k is the wave vector in the reciprocal space and is the unit vector. Figure S6 . An illustration of the competing effect in the case of H z . After applying the H z , the CFO nanopillars shrink along the z-axis direction and expanse along the x-y directions due to the negative magnetostriction of CFO. The lattice coupling at the vertical interface tends to lower the adjacent BTO matrix (as marked by the red arrow). On the other hand, the expansion of CFO inplane will induce the in-plane shrinkage of the BTO matrix (as marked by the red arrow), as required by the bulk volume conservation effect. Then, the BTO matrix will be elongated along the z-axis. For simplicity, we used cuboids to illustrate the CFO pillars and the BTO matrix.
